We present an extension of the mass sum rule that applies to renormalizable rigid supersymmetric field theories to the case of the N = 1 supersymmetric effective action (the gauged non-linear sigma model) consisting of adjoint scalar superfields and vector superfields possessing a Kähler potential, a set of gauge coupling functions (second prepotential derivatives) and a superpotential, which respectively set their energy scales. The mass sum rule derived is valid for any vacua, including the (metastable) one of broken supersymmetry with the condensates of D-term and/or F -term. We manage to extend these analyses to the cases where superfields in (anti-)fundamental representation are present. The supertrace is shown to vanish in those cases where underlying geometry is special Kähler and theory under concern is anomaly free.
Introduction
The mass sum rule of renormalizable rigid supersymmetric (SUSY) field theories in four dimensions [1] played an important role in eighties in deciding upon the appropriate use of supersymmetry in particle physics together with the notion of naturalness. Being largely independent of the dynamics, it gives us a general constraint on a pattern of bose-fermi mass splitting when applied to theories with vacua of spontaneously broken supersymmetry and has provided a rationale for the existence of the hidden sector that has affected the SUSY model building till today. After the three decades, nature appears to call for a renewed version of naturalness while supersymmetry has been confronted with more and more stringent bounds from the experiments [2, 3] .
The effective action is an appropriate tool to summarize quantum properties of field theoretic system seen as low energy dynamics: its form is dictated by the symmetries of the system and the coefficient functions represent quantum effects of "the high frequency part" integrated over (see, for instance, [4, 5] ).
In this paper, we derive a mass sum rule from a prototypical N = 1 supersymmetric effective action (gauged non-linear sigma model). The effective action that we consider consists of adjoint chiral superfields and vector superfields, possessing a Kähler potential, a set of gauge coupling functions (second prepotential derivatives) and a superpotential, which respectively set distinct energy scales. Deriving the mass sum rule of this system is interesting as the system incorporates naturally the notion of Dirac gaugino or Majorana-Dirac gaugino scenario which is receiving attention recently as an extension of the spectrum in the MSSM gauge sector .
The sum rule, as is always the case, represents the symmetry of the action, being insensitive to the structure or the choice of vacua. The real interest in the supersymmetric sum rule lies, of course, in those cases where the bose-fermi degeneracy of the spectrum is lifted. It has been demonstrated that dynamical supersymmetry breaking takes place on metastable vacua in the weak-coupling regime: the D-term triggered Hartree-Fock treatment has enabled us to exhibit the condensates of the order parameters of supersymmetry on the metastable vacuum through the gap equation [37] [38] [39] . The fields in the observable sector pick the effects of these condensates through the tree level analysis of the effective action. The application of the sum rule we derive is, however, not going to be limited to this particular situation.
In the next section, we recall the effective action mentioned above. The scales are contained in the three input functions. We consider the (metastable) vacua which break supersymmetry.
In section 3, we introduce the boson and fermion mass matrices and compute matrix elements.
In section 4, we derive the mass sum rule from the matrix elements, temporarily assuming unbroken gauge symmetry. It is shown that the supertrace of the mass matrices squared vanishes in those cases where the underlying geometry is special Kähler. In section 5, we extend our analyses to the general case where the gauge symmetry is broken and (anti-)fundamental matter superfields are included. We complete the derivation of the mass sum rule to this general case. The right hand side of the mass sum rule vanishes by the special Kähler geometry one adopts and the anomaly free property of the theory under concern. In section 6, we present a simple application of the mass sum rule, which leads to an allowed range of the gluino mass. The terms generated by D and F condensates (or stationary values) can, in practice, be recognized as a set of soft breaking terms, using the spurion technique [41] . We exhibit these in section 7. Throughout the paper, we work with the notation, so that our computation and results are insensitive to the vacua one explores. In the appendix, we touch upon how expressions such as the matrix elements get further converted in some simplest cases. 
There are three input functions: the Kähler potential K(Φ a ,Φ a ) with its gauging, the gauge kinetic superfields τ ab (Φ a ) that are the second derivatives of a holomorphic function F (Φ a ), and a superpotential W (Φ a ).
In parallel to [39, 40] , we postulate the followings:
1) third derivatives of F (Φ a ) at the scalar VEV's are non-vanishing.
2) the superpotential at tree level preserves N = 1 supersymmetry.
3) the gauge group can be arbitrary except that it contains an overall U(1) in which all particles in the observable sector are singlets.
It has been demonstrated [39] the supersymmetry is spontaneously broken in the Hartree-Fock approximation in this system, replacing 3) by 3)' the vacuum is taken to be in the unbroken phase of the gauge group, which is taken to be U(N) for definiteness. 3 Mass matrices and computation of the matrix elements
In this section and the next section, we present the principal part of our computation. For the sake of our presentation, we temporarily limit ourselves to the case of unbroken gauge group, ignoring spin-one contribution as well as additional scalar-scalar and D-scalar contributions to mass matrices due to eq.(3.14). These can be readily put in, which we will do in section 5 where we consider the general case that includes the broken gauge group and matter supermultiplets.
Let us study the quadratic fluctuations of the action around its stationary points of the scalar fields and the auxiliary fields. This leads us to mass formulas of the effective action on a generic vacuum of dynamically broken N = 1 supersymmetry. We begin by separating the stationary values (VEV's) of the scalar fields, the auxiliary fields, denoted by ϕ a * and by D a * and F a * respectively, from their fluctuations:
The terms in L f luc which are quadratic in fluctuations can be represented as
Here in eq. We have computed the entries of these three matrices and they are respectively given as
Here again, we have introduced a shorthand notation: for instance, (F ·∂∂g ·F )
The notation is generic, so that our computation in what follows and the mass sum rule in the next section are insensitive to the structure/pattern of vacua explored. For an example of the expressions at a specific vacuum, see the Appendix.
Note that we did not include here the contributions from the killing potential
(See, for instance, [42, 43] .) For the boson mass term, the term in the action attendant with eq.(3.14) is a generalization of the scalar potential due to gauge interactions in the renormalizable SUSY gauge theories:
For the fermion mass term, the term attendant with eq.(3.14) is
The killing potential D a contains the structure constant as a multiplicative factor and these terms do not contribute to the mass matrices in the unbroken phase of the gauge group. We will put these back in section 5.
The quadratic form eq.(3.7) can be simplified by "completing the square" for the auxiliary fields:
4 Mass sum rule
Our consideration in the last section is enough to lead us to the mass sum rule for the class of supersymmetric effective field theories that we consider in this paper. It is a generalization of the well-known sum rule [1] which applies for the models of supersymmetric field theories with canonical kinetic terms in the sense that eq.(2.1) contains the Kähler potential and the gauge coupling function (the prepotential derivatives) as well.
In the vacua where the gauge group is unbroken, the gauge bosons are massless and the scalar masses are obtained by diagonalizing
The sum of the boson masses squared is, therefore, given by 
Here tr denotes the sum over the adjoint indices.
As for fermion masses, they are obtained by diagonalizing
where
The sum of the fermion masses squared including the factor 2 due to the number of polarizations per particle is given by
Hence we obtain
observing partial cancellations.
This expression vanishes in those cases where the underlying geometry is special Kähler, whose condition is given by g = ImF , and ∂∂g = 0. 
The superfields are expanded as
2)
with y µ ≡ x µ + iθσ µθ and their stationary values are denoted by
The superpotential term is appropriately extended to include these matter chiral multiplets as well:
Here we have denoted by A = (a, i, i c ) and by B = (b, j, j c ) a collection of adjoint, fundamental, and anti-fundamental indices. The theory extended this way is given by the Lagrangian
Let us now turn to the computation of the matrix elements of the boson mass matrix and that of the fermion mass matrix in the extended theory. Some of the changes we have to make Putting all these together, we write the increment of the boson mass matrix denoted by
Here, we have added the third row and third column as the part in which spin one massive particles are involved. The entries are computed to be
Here we have denoted byD the killing potential appropriately extended to include the contri-
We have also made an index extension of the Kähler metric
From these data, the increment of M 2 B,red from eq. (3.19) to the current case is
As for the increment of the fermion mass matrix denoted by ∆M F , and ∆M F , we obtain
Let us now turn to the question of the mass sum rule. The increment of the bosonic part of the supertrace mass squared is
As for the trace of the fermion mass squared, the increment is
+tr (∂D)
The increment of the supertrace is, therefore,
The quadratic piece in the D condensate being absent, the right hand side is a generalization of the well-known expression −tr a D a * T a in the renormalizable supersymmetric gauge theories.
The right hand side vanishes when the anomaly free property of the theory under concern is imposed. (See, for instance, [47] .)
This completes the calculation which we have begun in section 3. To summarize, the answer is given by the two equations for the supertrace, eqs. 6 Simple application of the mass sum rule
In this section, we give a simple application of the mass sum rule derived above. For simplicity,
we consider the situation of section 3, the mass sum rule for the sector consisting only of the fields in the adjoint representation in the unbroken gauge group and the case in which the right hand side of eq.(4.8) vanishes. The mass sum rule for the vector multiplet and the adjoint chiral multiplet is given by
where m 
From (Λ (+) ) 2 > 0, we obtain an upper bound for the gaugino mass Λ (−)
In phenomenological applications, it would be interesting to apply this relation to the gluino mass since the lower bound for the gluino mass is severely constrained by the recent LHC data.
Taking into account this lower bound, we can predict an allowed range for the gluino mass as
The scale (M red ) φφ is naively given by a superpotential mass scale M sup ∼ (∂ φ ∂ φ W ) * , which must be much smaller than the cutoff (or the prepotential) scale from the argument that lifetime of our metastable supersymmetry breaking vacuum should be longer than the age of the universe. This prediction eq.(6.6) would be useful in phenomenological study in LHC Run II.
7 Soft SUSY breaking terms generated by the condensates
In this section, we represent the mass and interaction terms generated by the condensates in eq.(5.7) as the supersymmetry breaking terms, using the spurion technique.
First, we notice that the background (spurion) fields in the present case are
and its conjugate. Exploiting these, the Lagrangian for these soft supersymmetry breaking terms is given by
where X = Q, U * , D * , L, and E * denote the SM chiral multiplets, W a the SM gauge field strength, Φ a adjoint chiral multiplets with the SM charges. We have simply omitted O(1)
coefficients of the operators. This Lagrangian (7.3) written in terms of spurion superfields of soft SUSY breaking terms is expanded in components, 
8)
M prep (7.9) where D 0 * ∼ M sup M prep is put in the final expressions.
In the text, we have introduced the notation in eqs. For more complex cases such as U(N) is broken to product groups, see, for instance, [44] .
